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Abstract 

Extending the usual C* r actions of toric manifolds by allowing asymmetries between the var- 
ious C* factors, we build a class of non commutative (NC) toric varieties Vfi^ ■ We construct 
NC complex d dimension Calabi-Yau manifolds embedded in V^ c 1 ' by using the algebraic geom- 
etry method. Realizations of NC C* r toric group are given in presence and absence of quantum 
symmetries and for both cases of discrete or continuous spectrums. We also derive the constraint 
eqs for NC Calabi-Yau backgrounds Mj c embedded in V2+i and work out their solutions. The 
latters depend on the Calabi-Yau condition J^J. qf = 0, q? being the charges of C* r ; but also on 
the toric data {qf, vt;pj , v*a] of the polygons associated to Vd+i- Moreover, we study fractional 
D branes at singularities and show that, due to the complete reducibility property of C* r group 
representations, there is an infinite number of fractional D branes. We also give the generalized 
Berenstein and Leigh quiver diagrams for discrete and continuous C* r representation spectrums. 
An illustrating example is presented. 

Key words: Gauged Linear Sigma Models, Toric Varieties and Calabi- Yau manifolds, Non Commu- 
tative Geometry, NC C* r toric group, NC Toric Varieties and NC Calabi- Yau manifolds, Fractional 
D-Branes. 
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1 Introduction 



Matrix model compactification of M theory on non commutative (NC) torii has opened an increasing 
interest in the study of non commutative spaces, in relation with NC quantum field instantons [2], and 
open strings of the solitonic sector of type II string theories [H]-[S]. These NC structures have found 
remarkable applications in various areas of quantum physics such as in the analysis of D{p — A)/Dp brane 
systems (p > 3) [HIE] and in the study of tachyon condensation using the CMS method [2]. However, 
most of NC spaces used in these studies involve mainly NC R$ [9], NC T$ torii [HTU]. some cases of 
Z n type orbifolds of NC torii |1 II IT2] and some generalizations to non commutative higher dimensional 
cycles such as the non commutative extension of Hizerbruch complex surfaces F n used in |13| and some 
special Calabi-Yau orbifolds. 

Recently efforts have been devoted to go beyond these particular manifolds by considering non 
commutative extension of complex manifolds with torsion and too particularly NC compact Calabi-Yau 
manifolds Ai because of the basic role they play in type II string compactifications and in the geometric 
engineering of supersymmetric quiver gauge theories |38| . The most studied examples are given by the 
class of homogeneous hypersurfaces H„ embedded in P" +1 projective spaces such as orbifolds of K3 and 
the quintic Q see a ^ so EBE01- The NC aspect of such varieties is too particularly important for 

the stringy resolution of singularities offering by the way an alternative method to the standard approach 
of resolution by deformations of complex and Kahler structures of Calabi-Yau manifolds. The crucial 
idea in this method is that in NC varieties, the space geometry has a fine structure where the usual 
commutative zero dimensional points are now represented by (matrix) operators. As a consequence 
of this deformation commutative space singularities, which are associated with the matrix identity in 
NC algebra, are naturally lifted; thanks to the spectral partition property of the identity in terms 
of projectors. Moreover D branes wrapping NC cycles of NC Calabi-Yaus acquire fine structures as 
well and then fractionate at singularities due to complete reducibility property of matrix identity 
|23j . In type II string theory, NC Calabi-Yau manifolds M. nc have moreover a remarkable string states 
interpretation. The centre of A4 nc , which is just the original commutative variety M., is associated with 
closed string states while the NC extension is in one to one correspondence with open string states; for 
details on these aspects and related features see |39) . 

Recall that the Berenstein and Leigh (BL) idea behind NC Calabi-Yau orbifolds building consists on 
solving non commutativity in terms of discrete isometries of the orbifolds. This was successfully done in 
|15| : see also [21], for the study ALE spaces and aspects of the NC quintic; then it has been extended in 
|17U18| for the building of NC orbifolds TQ C of complex (i-dimension homogeneous hypersurfaces Hd- In 
the present study, we will push this basic idea a step further by considering a large class of CY manifolds 
and introducing non commutative toric actions involving NC complex torii. In our construction, we 
borrow results of BL method but think about points in NC toric manifolds as NC torus fibers based 
on M. The NC torii involved here go beyond Connes et al NC "real "torus solution for matrix 

model compactification and turns out to play a central role in building NC toric manifolds. This way 
of doing can also be thought of as a first step towards the building of non commutative extension of 
supersymmetric gauged linear sigma models and their Landau Ginzburg mirrors |4()j . 

To fix the ideas on BL method for NC Calabi-Yau orbifolds with discrete torsion, let us recall 
one of the useful results on orbifolds of complex d Calabi-Yau homogeneous surfaces Tid- The latters 
are described by the homogeneous polynomials Pd [zx, Zd+2] = zf +2 + z% +2 + z^ +2 + z% +2 + z^ +2 + 
°o 11^=1 z m = with ZJ^ +2 discrete symmetries acting as Zi — ► Zi.uj qi , where the integers satisfy the 
Calabi-Yau condition X^=i = 0, a = 1, d. Non commutative TQ C extending complex d-dimension 



hypersurfaces TLd were shown to be given, in the coordinate patch Zd+2 ~ lid, by the following non 
commutative algebra generated by the Zi operators satisfying, 



Z{Zj — 9ij ZjZi] i,j — 1, (d + 1), 
ZiZa+2 = Z d+2 Zi] i = 1, (d + 1). (1.1) 

The Oij non commutative parameters are solved by discrete torsion as Q\j = u>ij voji with Wki the 
complex conjugate of uim- The Wjj's are realized in terms of the qf Calabi-Yau charges and the Z^ +2 
discrete group elements uj = expij2_ as w ^ — expi (^qr2™a6?f = uj mabqiq i with m a h integers. But 
these relations are nothing else than special eqs that describe a special class of complex torii. More 
general construction are therefore possible. 

In this paper, we aim to extend the BL non commutative geometry based on discrete torsion 
JS] j > EU > EE] j t° the large class of complex d dimension Calabi-Yau manifolds Aid embedded in 
toric varieties Vd+i |23 _ EZI- More precisely, we will focus our attention on NC Calabi-Yau type II A 
geometries realized as NC hypersurfaces (NC subalgebras) in NC toric manifolds though one might 
also do similar things for type IIB mirrors. This analysis constitutes also the basis for field theoretic 
construction of NC supersymmetric gauge sigma models and Landau Ginzburg theories. Recall that 
commutative toric manifolds may, roughly speaking, be thought of as 1 Vd+i = C k+1 / C*^ k+1 d ' and are 
locally parameterized by the coordinates {xi]0 < i < k} with Q*( k + 1 - d ) toric actions 2 . This class of 
Aid's is described by hypersurfaces in Vd+i but the underlying polynomials P d [x\, CEfc+i] defining Aid 
are no longer homogeneous contrary to the quintic and Hd cases. However and even though ignoring 
discrete torsion, NC extensions of Aid may be still obtained by endowing the C*( fc+1_d ) toric group with 
a non commutative structure. As we will explicitly show in section 3, the non commutative structure 
of resulting manifolds is indeed induced by the symmetry of the C* r toric actions and give the 

basis of a more general class NC manifolds namely the NC toric varieties. We will show moreover that 
solutions for non commutative geometry have, in addition to what we were expecting, contributions 
coming from the toric data {qf; vf\ , p I a \ v* aA ^ of the polygon A (Aid) of Aid- The solutions for the 
NC constraint eqs we will derive, follow naturally from the toric geometry identities qf — and 
J2i Qi^t — 0, with the integers qf being the charges of the C*( fc+1-<1 ) toric actions and the integers (vf) 
the vertices of the polytope A (V<j+i). Furthermore, due to general results on representation theory of 
the abelian C* r toric group, we have here also fractional D branes at the singular points of the toric 
actions; but with the remarkable property that now there are infinitely many. The point is that, like for 
the case of complex TV dimension homogeneous Calabi-Yau orbifolds with Z^ +2 discrete groups, the NC 
coordinates of the D branes at the singular points are proportional to the identity operator 1^ of the 
toric group representation TZ(C* r ). As the latters are completely reducible, the identity lid of 1Z(C* T ) 
is then decomposable into an infinite series in the 7r„, (it (a) for the continuous case) projectors on the 
states of the representation space of TZ(C* r ). 

The organization of this paper is as follows; In section 2, we review general aspects of Calabi-Yau 
manifolds Aid embedded in toric varieties Vd+i and focus on the study of the type II A geometry of 
Calabi-Yau manifolds. Similar analysis may be also done for the type IIB geometry of Aid] the dual of 
the type II A. Section 3 is mainly devoted to the study of the NC type II A geometry extension of Aid 

lr Toric manifolds are generally defined by cosets (C fc+1 — U) /C* r where U C C fe+1 is defined by the C* r actions 
and a chosen a triangulation. In toric geometry, elements of U are defined by those subsets of vertices, which do not lie 
together in a single toric cone. 

2 The C* r toric group may, roughly speaking, be thought of as a complexification of the U (l) r gauge symmetry of two 
dimensional N = 2 supersymmetric linear sigma model. This is a continuous abelian group whose representations have 
an elliptic sector and are gross-modo similar to those of U (l) r representations. 



by help of torsion of the C* r toric actions of the toric varieties. To that purpose, we will first derive the 
constraint eqs for Ai™. Next we analyze different realizations for C* r toric torsions by using quantum 
symmetries generated by shift operators of the C* r toric group; but also by introducing torsion among 
the U a generators of the C* abelian factors of the C* r group representations. Then we build general 
solutions of the NC constraint eqs by using effectively both of these two kinds of the C* r torsions. 
We end this section by giving an illustrating example treating the NC type II A geometry. In section 
4, we study fractional branes at the singular points of the toric action and show that, here also, we 
have fractional D branes at singularities; but with the basic difference that now the identity la of the 
representation of each C* factor of the C* r group is decomposed into an infinite set of projectors on the 
representation space states. The dimension of fractional D branes are shown to be dependent on the 
choice of the Calabi-Yau charges of the C* r toric actions of te toric variety V. In section 5, we give our 
conclusion and perspectives. 

2 Calabi-Yau Hypersurfaces in Toric Varieties 

There are different ways for building complex d dimension Calabi-Yau manifolds M. A way to do is 
by help of 2d Af = 2 supersymmetric gauged linear sigma models or again by embedding M in a toric 
variety V [36,37]. The latter is a complex Kahler manifold with some C* r toric actions generalizing the 
usual complex n dimension projective spaces CP". The simplest Calabi-Yau example is given by the 
case where M is described by complex d dimension hypersurface in a complex (d + I) toric variety Vd+i- 
To write down algebraic geometry eqs for the Calabi-Yau hypersurfaces; one should specify a number of 
ingredients namely a local holomorphic coordinates patch of the toric manifold Vd+i, the group of toric 
action and the toric data. To do so, one should moreover distinguish between two kinds of geometries for 
the Calabi-Yau manifolds M^: (1) Type II A geometry, to which we will refer here below to as Aid, and 
(2) its type IIB mirror geometry often denoted as W<j. The latter is obtained from Aid by exchanging 
their Kahler and complex structures following from the Hodge identities h 1 ' 1 (Aid) = h^ 1 ' 1 (Wd) and 
h 1 ' 1 (Wd) = h d ~ x,x (Aid) [23 EH- I n this study, we will mainly focus our attention on the type II A 
geometry. 

Type II A geometry is constructed in terms of two dimensional Af = 2 supersymmetric linear sigma 
models as follows: First consider a superfield system {V a , Xi} containing r gauge N = 2 abelian mul- 
tiplets V a ((7,9,8) with gauge group £/(I) r and (k + 1) chiral matter superfields Xi (a, 9,0) of bosonic 
components X\. In addition to the usual terms namely 



with K being the gauge covariant Kahler superpotential and qf the charges of Xi under the U (l)s, the 
linear sigma model action S [V a , Xi] of these fields may have r Fayet Iliopoulos (FI) D-terms, 



with C Q being the FI coupling constants. The superfields action S [V a , Xi] may also have a holomorphic 
superpotential W(Xq, Xk) given by polynomials in the Xj's, which in the infrared limit, is known to 
describe a two dimensional conformal field theory describing the string propagation on the type II A 
background [2U- Let us discuss a little bit this particular geometry. 





2.1 Type II A Geometry 

In the method of toric geometry, where to each complex bosonic field Xi it is associated some toric 
data {qf,fi}, or more generally by taking into account the data of the dual geometry {qf , v^p^, v* a } 
|19l I2()| -|2"5 ] , with Vi and u* a being (d + 1) dimension vectors of Z d+1 self dual lattice, one can write 
down the algebraic geometry equation of the complex d Calabi-Yau A4d manifold. This is given by a 
holomorphic polynomial in the x^s with some abelian complex symmetries. In the simplest situation 
where the toric manifold is given by the cosct Vd+i = C fe+1 /C* r , d = k — r, the complex d dimension 
Calabi-Yau hypersurface reads as, 

k k 

P d [xo,...,x k ] =b l[x i + J2 b «nx?« i . (2.1) 

i— a i—0 

where the 6 Q 's are complex structures of Add and where the n a i powers are some positive integers 
constrained by the C* r invariance. Indeed, under the C* r toric action on the C fe+1 local coordinates, 

Xi > Xi\ a * 

with qf some integers, the same as in the action S [V a , Xi], invariance of Pd [xq, Xk] requires the n a i 
integers are such that, 

^<Z> m = 0; £>? = 0. (2.2) 

i i 

Eqs qf = follow from the C* r symmetry of the Jli=o Xi monomial while qfn a i = come from 
invariance of IliLo monomials. 

2.1.1 Algebraic geometry eqs 

Setting u a — Y^^x^", the above eq (2.1) can be rewritten as Pd [u a ] = ^2 a b a u a , where the u a 's 
are the effective local coordinates of the coset space C k+1 /C* r . As the u a variables are given by 
u a = Jli=o x 7 a *' ^ may happen that not all of the u a 's are independent variables; some of these u a , say 
u ai for / = 1, ...r*, are expressed in terms of the other u ai variables with J ^ I. In other words; one 
may have relations type Y[ a = 1' where p ! a are some integers. Substituting u a = Yii=o x 7 m back 
into Y[ a u a a — 1, we discover extra constraint eqs on the n a i and p„ integers namely, 

5>> Q * = 0. (2.3) 

a 

In toric geometry the n a i integers are realized as scalar products, n a i =< v>i, v* a >= ^2 a v t v *aA^ °^ * n e 
toric data vector vertices Vi and u* a of integer entries vf and v* aA respectively. In this representation, 
eqs(2.2) and (2.3) are automatically solved by requiring the toric data of the Calabi-Yau manifold to be 
such that, 

]T<7>,=0; 5>X = 0. (2.4) 

i a 

Let us illustrate these relations for the case of the asymptotically local Euclidean ( ALE ) space with 
/l m _i singularity. This is a complex two dimension C n+1 /C* < -' 1 ~ 1 '' toric variety with a su(m) singularity 
U1U2 — it™ at the origin. From this relation, which can be also rewritten as Uq m u\Ui = 1, one sees that 
there are three effective variables ito, u i an d U2\ but only two of them are independent. Since there is 
one relation, the integer r* = 1 and so there is only one p l a vector of entries p a = (— m, 1, 1) and three 
u* a vectors given by v$ = (1,0), v\ = (m, —1) and v\ = (0, 1). More generally, we have the following 
cases: (a) In the simplest case where no relation such as Y^aPa u *a = exist, that is all the m q 's are 



independent, the algebraic eq of the hypersurface Md reads simply as Pd [uq, Ud] — X) Q =o b a u a = 
with d = (jk — r). (b) In the generic cases where there are for instance r* constraint eqs of type 
Sq-Pq^q = 0, the (d + r* + 1) complex variables u a are not all of them independent and so the 
algebraic geometry eqs defining the hypersurface embedded in Vd+i is 



d+r* 

E 

a=0 



b a u a = 0; 



n 



1; 



1 = 1, 



(2.5) 



where p ! a are the integers in eqs(2.4). 

In the field theoretic language of the two dimensional N — 2 supersymmetric linear sigma model 
with superfields {V a ,Xi,l < a < r; < i < k}, the q? integers of the C* r toric action are the a — th 
U(l) charge of the Xi fields. Recall in passing that the U{l) r gauge symmetry group acts on the Xj 
bosonic fields as x, — ► X{ exp (iq?a a ), with a a being the gauge group parameters encountered earlier. 
The condition that the N — 2 theory has an extra i?-symmetry is effectively given by the Calabi- 
Yau condition J^ i=0 qf = 0, a = 1, r. Moreover, for the simple case where the N — 2 theory has no 
superpotential (W(X) = 0), the moduli space of vacuum configurations minimizing the D-term scalar 
potential of the N = 2 linear sigma model is generated by gauge invariant fields u a related to the 
Xi s as, u a Ili=o 

as a subgroup the U(l) r gauge group, of the u a — Yl i=0 
rii=o 9i Vi,Va> = 1 which is exactly solved by the relations J2i 1i v t = 0- 

The toric manifold Vd+i — C k+1 /C* r parameterized by the u a variables is generically singular, but 
the presence of the FI D-terms ( a J d 2 a D a (a) into the two dimensional N — 2 action S[V a ,Xi\ has 
the effect of resolving the singularity by blowing up the manifold singularity. To fix the ideas, let us 
consider the type II A geometry for the complex dimension 2 ALE space with A n ^\ singularity. Solving 
the condition on the dimension, namely fc + 1 — r = 2by taking k — n and r = n — 1; then using toric 
geometry method by associating to each moduli Xi the data isf;p a ; i/*^} with, 

q\ = (1,-2, 1,0,.. .,0,0,0), i = 0,...,n, 
qf = (0,1, -2,1, ...,0,0,0), i = 0,...,n, 



x f V l ^ Q> . This gauge invariance or equivalently C* r toric symmetry, containing 

xf Vl,Vc " > composite variables follow from 



(2.6) 



Pa 



(0,0,0,0,. ..,1,-2,1), = 1, ...,n, 
(-n,l,l) 



while the vertices are given by, 



1 

71 —1 

1 



< >= (l,n-i,i). 



(2.7) 



These data may be expressed in an interesting compact form where one recognizes the structure of the 
su (n) Cartan matrix as shown here below, 



q" = 5f_ x - 2<5 4 Q +6" +1 , a= l,...,n-l; i = 0,...,n, 

Ui = i/lei + iy^e 2 = ei + ie 2 ; i = 0,...,n, 

K = Ki e i + K2 e 2, a = 0,1, 2, 

Uq = e 1 ; v* 1 =ne 1 -e 2 ; v\ = e 2 , 



(2.8) 



where the two vectors {ei,e 2 } are the generators of the Z 2 lattice with ej • ej — 5ij. Moreover, the 
three u a gauge invariant of the C*™ _1 toric action are given by; 

n n n 

uo = IIiii u 2=H x r 1 (2-9) 

i=0 i=0 i=0 

From this field realization, one sees that these invariants are not all independent since we have the 
constraint relation 

UiU 2 = 

showing that the complex two dimension toric manifold c™ +1 /C*™~ 1 we are describing has an A n _\ 
singularity at the origin (1*1,1*2,113) — (0,0,0). 

Using this field realization, one may also write down the one dimension hypersurface Mi embedded 
in C" +1 /C*™ _1 with A n -\ singularity. Its algebraic geometry eq X)q=o b a u a = reads in terms of the 
Xi variables as; 

n n n 

Pilx ,...,x n }=bol[x l +b 1 l[x? +1 - t + b 2 l[xl- 1 =0, (2.10) 

i=0 i=0 i=0 

where the 6 Q 's are complex structure of A4i- Invariance of this polynomial under the change Xi — > XjAJ , 
with A a G C, follows from the Calabi-Yau condition J27=o 1i = 0> but a ^ so lrom the following obvious 
identities, 

± £ iq? = ± (iSU 2iJ? + i5 a i+l ) = 0, (2.11) 

i=0 

which are nothing but the relations J2 i qfvf = 0. 
2.1.2 C* r Toric Symmetry 

The A a parameters of the C* r toric actions Xi — ► iEjA<j* are just a kind of complcxification of the 
manifest and familiar U (l) r gauge symmetry parameters a a of supersymmetric gauge theories acting 
on matter as Xi — > Xiexpia a qf- Up to complexifying the U (l) r symmetry; that is by replacing the 
a a real parameters by the complex ones, tp a = a a — ip a , p a e R, the U (l) r symmetry extends to the 
C* r toric actions where now 

A a = cxpi^ a = cxp (p a + ia a ) . 

As such the U (l) r gauge symmetry is recovered from the type II A geometry by setting p a — 0; i.e 
U (\) r ~ C* r \p =o- Therefore the C* toric symmetries are given by the cross product of the usual 
U (1) gauge symmetry with the R* group acting as scaling transformations by a real factor expp a . 
Contrary to U (1), the R* action is not a standard symmetry in unitary field theory; but its plays here 
a central role and too particularly at the level of moduli space of type II string vacuum configurations 
on Calabi-Yau manifolds. For later use, it is interesting to decompose the C* group as, 

C*~R*xf/(l)~[/(l)xR*. (2.12) 

As R* and U (1) commute, C* representations, TZ (C*), are mainly given by the tensor product of the 
R* representations TZ (R*) and the U (1) ones TZ (U (1)). Moreover like for the U (l) r symmetry, the C* r 
toric group is abelian and the general properties of its representations are grosso-modo similar to those 
of U (1)' . In practice, the C* r toric group may be defined as given by the set of operators U a = A^ a , 
satisfying 

U a U b = U b U ai T a T b = T b T ai (2.13) 



and acting on the x^s by the following gauge transformations, 



U a : Xi -> UaXiU- 1 = XiXf . (2.14) 

These relations show that r variables Xi among {x\ 1 ...,Xk+i} may be usually fixed to a constant by an 
appropriate choice of the C* r gauge parameters. Setting U a = exp (iip a T a ) ; with iT a = t a + ir a where 
t a and r a are hermitian operators and substituting ip a = a a — ip a in the expression of U a , one gets 

U a = expi(p a K a + ia a Q a ) 

with K a — y^t a + r a and Q a — r a — ^t a generating R* r and U (l) r respectively. Since here 
R* x U (1) ~ U (1) x R*, we have also 

[K a , K b ] = 0; [Q a , Q b ] = 0; [K a , Q b ] = 0. (2.15) 

Dilatations generated by K a and phase transformations generated by Qb commute; they may be diago- 
nalizcd simultaneously on a basis of the representation vector space of C* r . 

2.2 More on Type II A Geometry 

From the previous analysis, we have learnt that generic forms of the algebraic equations of the type II A 
geometry of complex d— dimension Calabi-Yau manifolds are generally given by the following polyno- 
mials, 

P d [x , ...,x k ] = boJ^Xt + ^b a Y\_Xi ai (2-16) 

i a i 

where Xi are holomorphic homogeneous variables satisfying Xi — * a^AJ , the 6 Q 's are complex struc- 
tures of the type II A geometry Aid of the Calabi-Yau manifold and their number is a priori given 
by h d ~ 1 ' 1 (Aid)- One of the basic property of this algebraic geometry eq is that its invariance under 
the chang e Xi ^ x i\ q ^ , follows from the Calabi-Yau condition J2i it = 0; but also due to the special 
relations J^i <li n ai = 0, a = 1, a = 1, which have no analogue in the case of isometries of 

discrete torsions used in ^JE|- Setting = q^n ai , this relation may be also rewritten as 

fe 

J2N^=0, a=l,...,r; a = l,.... (2.17) 

4=0 

In addition to the integers, = qfv>i ■ v* a , one also define, out of the toric data vf\Pa] v* a A]i 
others sets of integers with some specific properties useful when we study the NC toric manifolds. May 
be the most natural ones are those given by Ngj' = qfq'ji'i ■ Vj satisfying 

k k 

]>><f = 5>5 fc = 0. (2.18) 

i=0 j=0 

The N?j object is in fact a particular tensor of a more general one namely, 

N°f AB = q?q^?vf, 

the latters still obey the previous relations and by summing on the capital indices, one gets . 
Moreover setting A = B = 1 and taking into account v\ = 1, we get the first useful set of integers, 

L if = f n [ab]<ii<i'j = m ab q{ t q% (2.19) 



where — (m a b — mb a ) is an antisymmetric rxr matrix with r<yT 2 ^ entries. The iff is also arxr 
antisymmetric matrix with r ^ r ~ x ^ entries; it satisfies the identities 

* 3 

inherited from the Calabi-Yau condition = 0. Using the toric data vertices vf of V, one may 

also define an other antisymmetric tensor L\-' satisfying as well the identity 2^£y = 12 j ^ij = 
inherited from the condition J"V_ Q qf vf = 0. This is given by further contracting the A and B indices 
of m a i,N^' AB hY a tensor metric ttiab as shown here below, 

iff = Ql A Qf (m [ab] m {AB) + m [ab) m [AB] ) . (2.20) 

Here m a b is the matrix appearing in eqs(2.19) and ttiab is a priori a (d+ 1) x (rf+1) matrix. Later 
on, when we study the NC Calabi-Yau manifolds, we will consider only the TO(ab) symmetric part and 
taking it as rriAB = za^b, where ca are numbers. Therefore have now (d+ 1) degrees of freedom 
in addition to those coming from m ab and which were already counted. There is moreover a third term 
L ( f with the same properties as iff and . This term involves quadratic terms in jV™^ and reads 
as, 

Lf = (™ [afc] m< Q « + m (a6) m^) . (2.21) 

It satisfies the antisymmetry property iff — —L^ and the generalized Calabi-Yau condition J2i iff = 
following from ^ i Nj^ = 0. Like for iff , the m Q/3 matrix will be taken as m Q/3 = e a e lS . Note that the 
sum Lij = Ly + iy + iy is also an antisymmetric matrix and has the remarkable form Ly = 
verifying the the generalized Calabi-Yau identity J^i u 1 = 0, Si u f — and so; 

i 

In the next section, we will give more details about these special features and the way they enter in the 
building of the NC type II A geometry. We will mainly focus our attention on Calabi-Yau hypersurfaces 
Add embedded in Vd+i] but a similar analysis may be also done for the toric variety itself. 



3 NC Type II A Geometry 

From the algebraic geometry point of view, the NC extension A4^ c of the Calabi-Yau manifold A4d, 
embedded in Vd+i, is covered by a finite set of holomorphic operator coordinate patches Ut a ) = {z\ a ^ ; 1 < 
i < k a = 1,2, . . .} and holomorphic transition functions mapping W( a ) to U^y, 

This is equivalent to say that A4^ c is covered by a collection of non commutative local algebras ■M 1 d lc (a) 
generated by the analytic coordinate of the U( a ) patches of A4^ c , together with analytic maps 4>(a,p) 
on how to glue M^ a j and A^^ c (/3)- The MY(a) algebras have centers Zi a ^ = Z LM^a^j] when 
glued together give precisely the commutative manifold Md- In this way a singularity of Md— Z (M^) 
can be made smooth in the non commutative space M^ c This idea was successfully used to 

build NC ALE spaces and some realizations of Calabi-Yau threefolds such as the quintic threefolds Q 
described by the homogeneous hypersurface ^3 El 

5 

P 3 [z u z 5 ] = z\ + z\ + z\ + z\ + z% + b Y[ Zi- 

i=i 



In this context, it was shown that the non commutative quintic Q nc extending Q, when expressed in 
the coordinate patch Z§ — lid, is given by the following special algebra, 



Z X Z 2 = a Z 2 Zi, Z 3 Z 4 = [3j Z±Z 3 , (a) 

ZiZ 4 = (i^ 1 Z±Zx, Z 2 Z Z = cry Z3Z2, (b) 

Z 2 Zi = 7 - x ZiZ 2 , Z^ 3 = a" 1 /? Z 3 Z U (c) (3.1) 

ZiZ 5 = Z 5 Zi, i = l,2,3,4; 

where a, j3 and 7 are fifth roots of the unity, the parameters of the Zf discrete group and where the Zi 
's are the generators of Q nc . One of the main features of this non commutative algebra is that its centre 
Z(Q nc ) coincides exactly with Q, the commutative quintic threefolds. In ^B] , a special solution for this 
algebra using 5x5 matrices has been obtained and in ^7] a class of solutions for eqs(l.l) depending on 
the Calabi-Yau charges of the quintic threefold has been worked out and partial results regarding higher 
dimensional Calabi-Yau hypersurfaces were given. A more involved analysis addressing the question of 
the explicit dependence into the discrete torsion of the orbifold group, the varieties of the fractional 
D branes at singularities and more generally fractional branes on NC toric manifolds have discussed 
recently in [T%] . 

One of the key points in the building of Q nc is the use of discrete torsions of the symmetry z% — > z% 
u> q i , w 5 = 1, of the hypersurface z\ + z\ + z| + z\ + z| + bo ]X=i z i = 0- By working in the coordinate 
patch Z5 = 1, then associating to each Zi variable, an operator Zi with Z§ ~ and finally requiring 
that the Zf and Yl%=i monomials have to be in the centre of Q rac , one gets constraint eqs when solved 
give the explicit expression of the Zi operators in terms of the generators of the orbifold group symmetry 
of the quintic. 



3.1 NC Toric Varieties 

To build the non commutative type II A geometry extending the manifold Add, we will more a less 
adopt the same method introduced in ^JEI- We start from the complex hypersurface Pd [xq, ■■■,Xk] 
eq(2.16), with (xq, —,Xk) being the homogeneous variables of C k+1 /C* r . This polynomial has a set of 
continuous isometries acting on the homogeneous coordinates Xi as Xi — > aJjAJ . The main difference 
between these C* r actions and the discrete symmetry Zi — * Zi oj qi used in building of Q nc is that its 
algebraic geometry eq is given by a homogeneous polynomial constraining lu to take a finite set of 
discrete values, ( uj 5 — 1 for Q). As the polynomial eq(2.16) describing the type II A geometry is not 
a homogeneous polynomial, the A a 's are arbitrary non zero C-numbers subject to no condition and so 
one expects emergence of a rich NC structure. 

3.1.1 Constraint Eqs 

Extending naively the algebraic geometry method used for Q nc to our present case by associating to 
each Xi variable the operator Zi, then taking q°\ — and working in the coordinate patch Xk = 1, or 
equivalently Zk — lid, the NC type II A geometry A4^ c may be defined as, 



ZiZj — dijZjZi, i,j — 0, fc 
ZkZi = ZkZi. 



(3.2) 



Since Md should be in the centre of M™, it follows that the Zi generators should satisfy the constraint 
eqs, 



ZuU 2 ^ 



= 0, (3.3) 
The non zero 9ij parameters carrying the non commutativity structure of M^ c are then constrained as, 

(3.4) 



Vi, 



1 



k 
3=0 

Actually these relations constitute the defining conditions of non commutative type II A geometry 
MY- While the constraint relation 9ij9ji = 1 shows that 9ij = 9J^ , the solution of the constraint eqs 
ll^=o = ^ arc not trivial and should be expressed in terms of the toric data {qf ; vf;p^; v* A } of the 
toric variety. 



3.1.2 Comments 

We give two comments; the first one concerns the above construction which may be given a deeper 
explanation. As the Calabi-Yau manifold Md is realized as a hypersurface in Vd+i', it is natural to 
demand that MY to be also given by a non commutative subalgebra of a NC toric variety V^+i with 
C* r toric actions with torsions T a b. The non commutative structure of V^+i is induced by these 
torsions and the original commutative toric manifold Vd+i is in its centre; i.e Vd+i = Z (V2+i)- Using 
the previous correspondence Xi — ► Zi, the NC toric variety may, locally, be defined by the NC algebra 

Z^Zj == Q^jZjZi, (3.5) 

together with 

U a Z{ = [l ai ZJJa, 

U a U b = d ab U b U a , (3.6) 

where fi ai and i) ab are non zero complex numbers. The NC extension V^+i of the toric variety C fe+1 /C* r 
may be then thought of as given by Cg +1 /C* r , the deformation parameters of the NC Cg +1 space and 
the NC C* r toric group are respectively 9 = and T ab ~ log$ a 6- The centre Vd+i = Z (VJ+i) of 

the NC toric variety is generated by the C* r invariants u a satisfying 

[Zi, u a ] = [U a ,u a ] = 0; [u a , up] = 0, (3.7) 

which coincide exactly with eqs(3.3) defining Vd+i- 

To summarize MY is a subalgebra of VJ^j and Md is contained in the centre Z (Vd+i) °f the NC 
toric variety. and MY are generated by the Zi operators while Vd+i and Md are generated by 

the C* r invariants; the first by the equation Y[ a «o° = 1, with u a = Yli^?" 1 ' an ^ the second by its 
hypersurface ^ Q u a — 0. Thus we have the following picture, 

my c V2U 

M d = Z(MY)CZ(VSU)- (3-8) 

The second comment we want to give deals with extra discrete symmetries of the commutative toric 
variety Vd+i described by the complex eq Y\ a u V a = 1 • If wc denote by uj a with = 1, m a integers 



generating a discrete group T, and performing the change u a — ► Ld™ a u a , then invariance of ]J a Ua a = 1 
under T requires the following relation to hold, 

$>ai£ = 0. (3.9) 

a 

The simplest example is given by the ALE space with a su (N) singularity described by eq uiu 2 Uq N = 1. 
In this case the discrete group is Zn, that is uo a — expi^ and so the n a numbers of eq(3.9) are 
constrained as, 

n N - m - n 2 = mod N, (3.10) 

which is naturally solved by the special choice m = 1, n,2 = — 1 and no e Z. It is the torsion of this 
kind of discrete symmetries that has been considered in [24] for building NC ALE spaces. For our 
concerns, we expect that this relation and above all the relation Xa-Pa^a = ma y P^ a Y an important 
role in the building of NC type II B geometry using mirror symmetry. 

3.2 Solving the Constraint Eqs 

First of all note that since the % 's are non zero parameters, one may set 

r b 

% = II ; »?a6 = cxp (J3M ; (3 a e C, (3.11) 

a.b=l 

and solve the constraint eqs(3.4) by introducing torsions for the C* r toric actions. Putting this param- 
eterisation back into eqs(3.4), one gets the following constraint on the J^'s, 

k 

£jg 6 = 0; J% = -J°f- (3.12) 

i=0 

Moreover as we are looking for a non commutative structure induced from torsions of the C* r toric 
actions and solutions to the Zi operators as monomials in terms of the C* r group representation gen- 
erators, let us start by studying C* r toric groups with torsions; then turn to build the solutions for 
eqs(3.4). Lessons from representations of NC torii and orbifolds with discrete torsion teach us that we 
should distinguish to main cases depending on whether quantum symmetries are taken into account or 
not. 

3.2.1 NC C* r Toric Actions 

The C* r toric group as used in toric geometry is a complex abelian group which reduces to U (1)' 
once the group parameters A a = cxpi^ a are chosen as |A a | = 1, that is A a = expia a , the a a 's real 
numbers and p a = 0. The C* r toric group reduces further to a discrete symmetry Zn 1 x ... x Zjv r if 
all a a 's are chosen as a„ = j-, with N a integers. Therefore, we expect that several features regarding 
non commutative extensions of the C* r toric actions to be generalization of known results of NC torii 
and orbifolds with discrete symmetries. One of the remarkable features concerns the analogue of the 
quantum symmetry which we want to consider now. 

1. Quantum toric symmetry To better illustrate the introduction of torsion via quantum 

toric symmetries, we consider the simple case r — 1 or again the case of a C* factor of the C* r toric 
group. Since C* is an abelian continuous group and its representations have very special features, we 
have to distinguish the usual cases; (a) the discrete infinite dimensional spectrum representation and 



(b) the continuous one. Both of these realizations are important for the present study and should be 
thought of as extensions of the irrational representations of NC real torii jlOl IT2] . 
a) Discrete Spectrum 

Let TZdis (C*) = {U = expiifjT} denote a representation of C* on an infinite dimensional space ~Edis 
with a discrete spectrum generated by the orthonormal vector basis 3 

{|n >;n = (ni,n 2 ) eZxZ~ Z 2 } 

. Here ip is a complex parameter, i/ifC; and T is the complex generator of C*; the ipT combination may 
be split as ipT = pK + iaQ, where K is the generator of dilatations and Q is the generator of phases. 
For ip — a real ( p = ), the group representation TZdis (C*) reduces to TZdis (U (1)) = {U = cxpiaQ}- 
the usual U (1) gauge group representation for the N = 2 supersymmetric linear sigma model. 

The generator T of (C*) acts diagonally on the vector basis {\n >}; i.e T\n >= n\n > and so 
the representation group element U acts as U\n >= (expiipn) \n >. The representation elements are 
also diagonal and read as U = x n (VO where the x n WO characters are given by exp (ii/m). The 
7r„'s, 7r n = |n >< n|, are the projectors on the states \n > of the E^ s representation space and may 
also expressed as 7r„ = J2 n ex P ( — ^n- Since the representation TZdis (C*) is completely reducible, 
its Jid identity operator may be decomposed in a series of 7r„ as, 

lid = y^n- (3.13) 

n 

Such a relation should be compared with analogous ones for U (1) and more particularly abelian discrete 
groups such as the Zjv symmetries appearing in the well known C 2 /Zn orbifolds. 

Like for U (1) and the Tin discrete symmetries, we have here also a complex shift operator V T(1 1 . = V T 
of the C* group acting on {\n >; n G Z + iZ} as an automorphism exchanging the C* characters x n 
This translation operator which operates as V T \n >= \n + r >; with T(i i i) = 1 + i, may also be defined 
by help of the a+ i = \ (m + 1) + in 2 >< m + in 2 \ and b+ i n ^ = |m + i (n 2 + 1) >< n x + in 2 \ 
step operators as, 

= ViVi 

Vi = V a+ Vi = V b+ v (3.14) 

Due to the remarkable property a+ i n2) 7r (niin2) = 7r ( „ 1+1 ,„ 2) a+ i ?i2) , b+ t : „ 2) 7r (ni ,„ 2) = K (nun2+1) b+ nun2) 

and b (n 1 ,n 2 ) a ( l "™ 1 ,n 2 ) 7r (»i,™2) = ^("i +i,n 2 +i) ,n 2 ) a (ni ,n 2 ) ' it: follows that the operators U and satisfy 
the following non commutative algebra, 

UV = e-^ T VU, (3.15) 

describing a complex version of the CDS torus pQ; to which we shall refer to as the non commutative 
complex two torus. Since ip is an arbitrary complex parameter, eqs(3.15) define an irrational discrete 
representation of the NC complex two torus. This representation satisfy the following natural relation, 
useful when we discuss the solution of the constraint eqs(3.4). 

U k V l = (e-^ T ) kl V l U k . (3.16) 

Before going ahead, let us make three remarks regarding the representations of the C* toric group. The 
first remark is that as far as the factor C* ~ R* x U (1) is concerned, one should distinguish four sectors 
for TZ (C*) according to the spectrums of its subgroup representations TZ (R*) and TZ (U (1)): 

3 We will use the convention notation n = n\ + in<2 G Z + iZ ~ («i,«2) G Z 2 ; \n > should be then thought of as 
1 711 > ®l«2 > ■ 



(i) Discrete- discrete sector denoted as 7Zfdis,dis) (C*), this sector has discrete spectrums for both 
of the two subgroup representations IZdis (R*) and TZdis (U (1)) of 7Z(dis,dis) (C*) j that is IZdis (R*) ~ Z 
and IZdis (U (1)) ~ Z and so, 

K (dis4is) (C*) ~ZxZ (3.17) 

This is the case we have discussed above. 

(ii) Discrete- continuous sector: H(dis.con) (C*)- Here the two abelian subgroup representations 
have one discrete and one continuous spectrums either; IZdis (R*) ~ Z, and 1Z con (U (1)) ~ R and so, 

K(dis,con) (C*) ~ZxR. (3.18) 

or a continuous- discrete sector: TZ( CO n,dis) (C*) where now lZ con (R*) ~ R, but TS^s (f7 (1)) ~ Z; 
TZ(con,dis) (C*) ~ R x Z. fmj Finally the continuous- continuous sector 1Z( coritCor A (C*) ~ RxR 
where both subgroups representations have continuous spectrums. We will give more details on this 
fourth kind of representations once we finish the remarks. 

The second remark concerns the case of C* r toric symmetries generated by the U a operators and 
the V Ta — V a automorphisms, eq(3.15) extends, in the simplest situation, as U a Vb — Sab exp (— iip a T a ) 
VbU a . More general extensions of eq(3.15) may be also written down; for more details see JS| f° r similar 
realizations concerning discrete symmetries. The last remark we give deals with the shift operator V T ; 
like for the C* group element U, the operator V T is an element of the C* dual group, denoted as C* , 
and acting on C* as VUV^ 1 = e l ^ T U. So the groups C* and C* do not commute; i.e 

C*C* ^ C*C* (3.19) 

Later on we will consider the other case where two different C* factors of the toric group C* r do 
not commute as well. For the moment we turn to complete our discussion by describing briefly the 
continuous spectrums. 
b) Continuous Case 

In this case the generator T of 7Z( CO n,con) (C*) nas a continuous spectrum with a vector basis state 
{\z >,z G C; <z'\z>= 8 (z — z')} and acts diagonally as < z\T\ = z < z\. The representation of 
the group element U is < z\U = (expiipz) < z\ which may also be put in the form U — J dz \ (V*) z ) 
7r (z) where the continuous x(t/>,z) character function is given by exp (iipz) and where the 7r(z)'s, 
7r (z) = \z >< z\; 7r (z) 7r (z') = 8 {z — z') 7r(z), are the projectors on the \z > states. Since the 
representation TZt C on,con) iP*) is completely reducible, the lid identity operator may be decomposed as, 

hd = Jdzir(z). (3.20) 

The shift operator by an e amount, denoted as V (e), acts on {\z >, z E C} as < z\V (e) =< z + e\. It 
may be defined, by help of a + (z, e) = |z >< z + e| operators, as, 



V(e) = / dz a+(z,e). (3.21) 

These operators satisfy similar relations as in eqs(3.8-9) namely UV — exp (—iipr) VU and U k V l — 
(exp [— i-0r]) fc ' V l U k . This realization may also be defined on the space of holomorphic functions F (z) = 
<z\F> where 

UFU^ 1 = (expi^z) F, V^FV' 1 = (expe9 2 ) F (3.22) 



2. NC C*toric cycles Here we forget about the C* quantum symmetry and its V a generators and 
focus our attention on the C* toric generators U a only. Of course a more general representation should 
include also the V a shift operators; it will be given later on; but as far the J7 a 's are concerned, one may 
also build representations where the r complex cycles of the C'* r group are non commuting. This is 
achieved by introducing torsion among the C* subgroups of the toric symmetry by demanding the T a 
generators to not commute; [T ,T(,] ^ 0; say [T a ,T b ] — irri{ ab y This means that given two toric actions 
C* and C*', we have 

C*C*' ^ C*'C* (3.23) 

Here also we should distinguish between discrete and continuous spectrums. In the particular case of a 
continuous spectrum, the U a — X^ a — cxp iip a T a , the algebra of NC C* r toric cycles is defined as 

UaUb = A2 Wb] U b U a ; A o6 = exp(-i^6), [T a ,T b ] = im [ab] I id . (3.24) 

The r x r matrix m ab carries the C* r group torsion. A possible realization of the generators T a on the 
space T of holomorphic functions f (y\, ...,y r ) with r arguments, is that given by, 

[T a ,f(y u ...,y r )] = {d a -im ac y c )f. (3.25) 

From this realization, one can check that the T a generators satisfy indeed the algebra [T a , T b ] = im^Iid- 
Note that eigen functions f (yi, ■■-,y r ) of T a 's with eigenvalues k a are given by the holomorphic expo- 
nentiels f( kl ,...,k r ) = expi " 1 " 6 ,^" ; i.e 

[T a ,f] = k b f. (3.26) 
These functions transform under finite transformations of the C* r symmetry as 

U a f{ kl ,...,k r )U~ 1 = (exp# fe )/ (fel) ... ifer) 

Other representations of the C* r toric group with torsion may be also written down; they are mainly 
obtained by complex extensions of known results on non commutative real torii. However and as far 
as realizations of NC toric group with torsions are concerned, one may introduce also the quantum 
symmetries by allowing the f (yi, ...,y r ) functions to depend on extra variables z a so that the new 
function is F (z a ; y a ) and the C* r realization reads as, 

U a F U- 1 = (expiVa (z a + d Va - im acVc )) F, VbFV^ 1 = (cxpe bd d Zd ) F (3.27) 

Having studied the main lines of NC C* r toric actions, we turn now to solve the constraint eqs (3.4). 

3.2.2 Representations of the Z^s 

The constraint eqs(3.4) may be solved in different ways depending on whether quantum symmetries of 
the C* r actions are taken into account or not. For the special example where only the U a generators of 
the C* r toric group are considered; then we can solve the 9ij parameters by using the m ab torsions. In 
the general case, one should also be aware about the T ab torsions between the U a and V a generators; i.e 
by using the relations U a V b — £l T a l b V b U a - Here below, we shall give details for the case where T ab = 0; 
but m[ ab ] ^ 0. 

Representation I 

In this representation, the Zi's are realized in terms of the U a = exp (iip a T a ) as 

r r 

Zi = Xi]l Uf =x,f[ cxp (iq?4> a T a ) , (3.28) 

a— 1 a— 1 



where x% are complex moduli, which we shall interpret as just the commutative coordinates of the 
toric manifold Vd+i containing Add- Since the NC C* r toric group generators fulfill relations such 
U s a U b = A sm ^U b U s a and U a U£ = A* m [«nf/ 6 t/*, it follows therefore that ufuf = A m ^]iU) ufuf 
and consequently 

%= n c-^- ^ 

a, 6=1 

Putting this solution back into eqs(3.4), one discovers that the constraint eqs are indeed fulfilled because 
of the Calabi-Yau condition Yli=o 1i = 0' but also due to the toric data encoded in^*l qfn ai — 0, as 
shown here below , 

i=0 \i=0 ) a=l \i=0 / 

f[z^ = (f[x?AnUp=°^ = (f[ X )lI id . (3.30) 

i=0 \i=0 / a=l \i=0 / 

Before going ahead note that such solutions may be extended by switching on the T a b torsions. The result 
is Zi = Xi rio=i (U a V a ) 9i ■ Note moreover that according to the spectrums of the group representation 
of the U a = exp (i?p a T a ) elements, the Zi operators may have also discrete or continuous spectrums. 

Other Representations 
The solutions we have given here above are still less general; they are based on the two following 
remarkable identities; 2_/i=o it ~ ® an< ^ X,i=o 1i n ai = 0. There are however other relations similar to 
the previous ones and which can do the same job. These relations are given by the identities Yli=o Qf A ~ 
Si=o ^ia — defining the toric data eqs (2.17-18) of the polygon of the Calabi-Yau manifold. Taking 
into account of these identities, one may write down more general solutions extending eqs(3.28); 

Z % =x t \\ exp i$ a (q? + ]T e.4 Q" A + N S*\ T - ( 3 - 31 ) 

a=l \ A=l a J 

where €a and e a are in general complex numbers. The last two terms on the right hand of the above 
equation namely, ^Xm=i £ a Qf A + J2 a e " Nf^j T a , constitute extra contributions for the NC commu- 
tativity &ij parameters of the NC Calabi-Yau manifold. They reflect the couplings between the C* r 
toric action and the toric data of the polygons A of the toric manifold. 

As a summary to this presentation, the Zi operator coordinates of the NC Calabi-Yau manifold 
MY are generally realized, in terms of the U a generators of the C* r toric group and their underlying 
quantum symmetries generated by the V a shift operators, as follows 

r 

Z l =x l Y[ {UaVaf . (3.32) 
a=l 

Here qf, which are given by qf = qf + J2a=i 6 a Qf A + J2 a e " ^«*> are a kind of shifted Calabi-Yau 
charges which satisfy the condition J2i=o Q? — an d their integrality follow by requiring ca and e a to 
be integer numbers. Using the relations 

u a u b = A r 2 b] u b u a 

and 

u a v b = n r a ?v b u a , 

the non commutative % parameters are expressed as 

r 

a iJ — 11 1V ah ll ah ' 
a, 6=1 



where now J' 



ab 



m[ab]q?crj and K, 



ab 



T [ah\(li(ty By appropriate choices of A afc , fl ab 



in 



ab] 



and r 



ab] ? 



one recovers as special cases the representations involving discrete torsions obtained in refs |15l HTj . 



3.3 Example 

To illustrate the previous analysis, we consider the NC extension of a Calabi-Yau manifold with a conic 
singularity. This manifold is defined as a hypersurface M.^ embedded in the complex three dimension 
toric variety V3 C C 6 /C* 2 with a C* 2 toric actions defined as Xi — ► Xi expz (ijj a qf) an d qf charges taken 
as; q\ = (1,-1,1,-1,0,0), qf = (1,0,-1,1,-1,0) and p a = (1,-1,1,-1). The i/* and v* vertices 
of the polygon A of the toric manifold and it dual V, satisfying X)j=i 1i v i = and ^2 a= iP a v* a = 0, 
are given the following four dimensional vectors with integer entries vf = (y\ ,v\,v\, vf) and v* A — 
("tv "hi ^-"w) respectively, 



/ 1 



Vi = 




1 
2 
1 

-1 



\ 1 ri2 + n ri2 m J 



\ 


1 
1 



m 



v„ = 



( 1 \ 

11- 10 

12- 21 

V 1 1 -1 1 J 



(3.33) 



The four u a gauge invariants read as u a = F|i=i 



/ 1 

2 
3 
V 2 



They satisfy the constraint eq noi + n2i 



1 

2 
3 
2 



a;™" 1 , i = 1, 6 with ro 

111 1 \ 

2 Ti + l 

3 2n + m+l 

1 1 2 n + m + 1 J 



integers given by, 



(3.34) 



■ri3i, showing in turns that the complex three dimension 



toric manifold V3 is described by = having a conic singularity at the origin. The complex 



two dimension Calabi-Yau hypersurface embedded in V3 , ^ c 
coordinates, as 



0, reads, in terms of the Xi local 



6 

P (xi, xe) = aY\_ x i + x\x\x^ +1 (x"l + b xix 2 x\x 

i=l 



3 ^n+m 
6 



c X^X^X^X™^ 



(3.35) 



where n and m are positive integers which may be fixed to some values. 

The non commutative extension M r 2 lc of this holomorphic hypersurface is given by the NC algebra 
(3.2), generated by the Zi generators satisfying eqs(3. 28-31) with 8ij = A Lij parameters given by eqs(29). 
For the special case where the L^- antisymmetric matrix is restricted to Ly = m {q\q?j — q]qf), with 

i6 



Lij = —Lji and = and entries 



Lij = m 



! 

-1 
2 

-2 
V 1 



2 

-1 



-1 



-1 \ 
1 

-1 
1 

J 



(3.36) 



The NC complex surface M^ c is then given by a one parameter algebra generated by following relations, 

Z\Zi — A m Z 2 Z\, = A 2m Z%Z\, Z\Z^ — A 2m Z4Z1, 

Z\Z§ = A m Z§Zi, Z2Z3 = A m Z 3 Z 2} Z 2 Z^ = A m Z4Z2, 

Z 2 Z 5 = A m Z 5 Z 2 , Z 3 Z±= Z±Z 3 , Z 3 Z 5 = A~ m Z5Z3, (3.37) 

Z4Z5 = A m Z5Z4, ZiZ$ = Z$Zi, 

where A m is given by A" 1 = cxp (—imip^^. Since ip a = p a —ia a ] it follows that rmp 1 ip 2 — m {piPi ~ 010:2)- 
im (01P2 + a 2Pi) which we set as A m = exp (re + i<f>) for simplicity. This is a complex parameter en- 
closing various special situations corresponding to: (1) Hyperbolic representation described by (re, 4>) = 
(re, 0); it corresponds to torsions induced by R* 2 <g> U (l) 2 subgroup of the C* 2 toric group. (2) Peri- 
odic representations corresponding to (re, <fi) = (0, <fi + 2ir) where |A m | = 1. It is associated with a NC 
R* * U (1) toric actions of the C* 2 group. (3) Discrete periodic representations (re, <ft) = (0, N<fi + 2ir) 
with |A m | = 1 but moreover (A m ) N = 1. This last case is naturally a subspace of the periodic represen- 
tation and it is precisely the kind of situation that happen in the building of NC manifolds with discrete 
torsion. It is associated with the Zjy subgroup of U (1). 



4 Fractional Branes 

The NC type II A realization we have studied so far concerns regular points of the algebra, that is non 
singular ones of the C* r toric group. In this section, we want to complete this analysis by considering 
the representations at C* r group fixed points where it is expected to get fractional D branes. To do 
so, we shall first classify the various Md subsets St^ of stable points under C* r ; then we give the 
quiver diagrams extending those of Berenstein and Leigh obtained for the case of orbifolds with discrete 
torsion. The method is quite similar to that of |24j . 

4.1 Fixed points of the C* r toric actions 

To fix the idea, consider that class of Calabi-Yau manifolds Add described by hypersurfaces Pd [x%, afjfe+i] 
eq(2.16) embedded in Vd+i, with toric data {qf, fi',Pa, f^} satisfying eqs(2.4). The local holomorphic 
coordinates {xi £ C + , < i < fc} are not all of them independent as they are related by the C* r 
gauge transformations U a : X{ — ► UaXiU' 1 = XiX qi , with 2j=o 1i — 0- Fixed points of the C* r gauge 
transformations are given by the solutions of the constraint eq 

Xi = U aXi U- x = Xi\f . (4.1) 

From this relation, one sees that its solutions depend on the values of qf ; the a^'s should be zero unless 
qf = 0. Fixed points of C* r toric actions are then given by the S subspace of C fc+1 whose Xi local 
coordinates are C* r gauge invariants. To get a more insight into this subspace it is interesting to note 
that as C fc+1 /C* r = (C fc+1 /C*) /C* r_1 ; it is useful to introduce the S {a) = {x^qf = 0; < i < k} 
subspaces that are invariant under the a — th factor of the C* r group. So the manifold S stable under 
C* r is given by the intersection of the various <S(„)'s, 

s = n r a=1 s {a) (4.2) 

If we suppose that { Xi ; . ..; Xi kQ _ x } those local coordinates that have non zero qf charges and \Xi ko ^ ; . . . ; Xi k } 
the coordinates that are fixed under C* r actions; then the manifold S is given by, 

S = {(0, 0, x ko , x k )} c V d+1 c C fc+1 (4.3) 



To get the representation of the Zi variable operators on the S space, let us first consider what happens 
on its neighboring space S e — {(e, e, Xk + e, ...,Xk + e)}, where we have taken eo = ... = £fc = e and 
where e is as small as possible. Using the hypothesis qf k = ... = qf k = we have made and replacing 
the Xi moduli by their expression on S e , then putting in the realization eqs(3.28), we get the following 
result, 

r a 

Z i} = e]JU 9 a ij ; 0<j<k -l, (4.4) 

a=l 

Z h = ( Xl] + e) I ld ; k Q <j< k. (4.5) 

The representation of the Zi's on the space So is then obtained by taking the limit e — > 0. As such 
non trivial operators are given by Zy ~ ajj./y; ko < j < k; they are proportional to the identity 1^ 
operator of group representation TZ(C* r ). This an important point since the Z{ operators are reducible 
into an infinite component sum as shown here below, 4 

Z 4 = ]T Z^; Z, (n) =^„. (4.6) 

n 

The above decomposition of the Z^s on S has a nice interpretation in the D brane language. Thinking 
of the Xi variables as the coordinates of a D p brane, ( p = 2d), wrapping the Calabi-Yau manifold 
Md, it follows that, due torsion of the C* r toric group, the D p brane at the singular points fractionate 
in the same manner as in the analysis of Berenestein and Leigh for the case of orbifolds with discrete 
isometries. In addition to the results of [21] > which apply as well for the present study, there is a novelty 
here due to the dimension of the completely reducible 1Z (C* r ) group representation. There are infinitely 
many values for the C* characters and so an infinite number of fractional D (p — 2ko) branes wrapping 
S. 

4.2 Quiver Diagrams 

Like for the case of Calabi-Yau orbifolds with discrete symmetries, one can here also describe the 
varieties of fractional D branes by generalizing the Berenstein and Leigh quiver diagrams for Ad™ at 
the fixed points of the C* r toric actions. One of the basic ingredients in getting these graphs is the 
identification of the projectors of the C* r toric action group and the step operators a ± acting as shift 
operators on the basis states of the group representation space. Since these actions are given by a kind 
of complexification of U (l) r and as each C* group factor has completely reducible representations with 
four possible sectors, it is interesting to treat separately these different cases. The various sectors for 
each C* subsymmetry factor are as follows; (i) (dis, dis) discrete-discrete sector where the C* characters 
X n (VO are given x n (VO = expi?/" 7 -; n £ Z+iZ, tp £ C; (ii) (dis, con) discrete-continuous and (con, dis) 
continuous-discrete sectors and finally (iii) (con, con) continuous-continuous sector with characters 
X (P, V 1 ) given by x (p, ip) = expip-0; P e C. 

Recall first of all that, due to torsion of the C* r toric symmetries, the algebraic structure of the 
D p branes wrapping the compact manifold Add change. Brane points {x{\ of commutative type II A 
geometry become, in presence of torsion, fibers based on { X i}. These fibers are valued in the algebra of 

4 The sums involved in the decomposition of the identity are either discrete series, integrals or both of them depending 
on whether the group representation Ti(C'* r ) spectrum is discrete, continuous or with discrete and continuous sectors. 
Therefore we have either = J2a 7T nt n = ( n i> •••> n r)\ lid = / do-ir(cr), tr = (cr\, ay); or again Yltxil ^C^m (C)i 
Here 7r m , m = \TH±t ■■■i n ir J and7r(£), £ = [Ci r +1 > •••> Ci r J i and are the C* r representation projectors considered in 
section 3 . 



the group representation 1Z (C* r ) and may be given a simple graph description on fixed spaces. While 
points Xi-1 in the commutative type II A geometry are essentially numbers, the Zi coordinate operators 
can be thought of, in the case of a discrete spectrum of C*, as 

= -> Zi = (Zi) mn U m V n , (4.7) 

where U and V, UV — e~ l ^VU, are the generators of the C* toric group 

Extending the results of [24], one can draw graphs for fractional D branes. Due to the decomposition 
of lid eqs(3.13) and (3.20), we associate to each D p brane coordinate a quiver diagram mainly given 
by the product of ( discrete or continuous ) S* 1 circles. For the simplest case r = 1 and C* discrete 
representations, the quiver diagram is built as follows: 

(1) To each Tr n = \n >< n\ projector it is associated a vertex point on a discrete S 1 circle. As there 
is an infinite number of points that one should put on S 1 , all happens as if the quiver diagram is given 
by the Z+iZ lattice plus a extra point at infinity. 

(2) The = \n ± 1 >< n\ shift operators are associated with the oriented links joining adjacent 
vertices, ( vertex (n — 1) to the vertex (n) for a~ and vertex (n) to the vertex (n + 1) for a+ ), of quiver 
diagram. They act as automorphisms exchanging the C* characters. 

Moreover, as non zero D p brane coordinates at the singularities are of the form Zi ~ Z\ , 
it follows that D p branes on S sub-manifolds fractionate into an infinite set of fractional D2s branes 
coordinated by Z^ n \ This is a remarkable feature which looks like the inverse process of tachyon 
condensation mechanism a la GMS [B] where for instance a D pi brane on a NC Moyal plane decomposes 
into an infinite set of D (pi — 2) branes. For details see studies on branes and Noncommutative Solitons 
|5].|3(J | -[3*2 ] in particular D25 branes decaying into an infinite D23 ones. In the case of a continuous 
spectrum, the corresponding quiver diagram is given by cross products of circles. 

5 Conclusion 

Using the algebraic geometry approach of Berenstein and Leigh, we have studied the type II A geometry 
of non commutative Calabi-Yau manifolds embedded in non commutative toric varieties V. Actually 
this study completes partial results of works in the literature on NC Calabi-Yau manifolds and too par- 
ticularly orbifods of Calabi-Yau homogeneous hypersurfaces with discrete torsion. Our construction has 
also the particularity of going beyond the idea of Berenstein and Leigh by introducing non commutative 
toric actions (C* r )" c involving NC complex torii generalizing the Connes et al ones used in the study 
of matrix model compactification. From field theoretic point of view, our way of doing may be thought 
of as a step for approaching non commutative extension of supersymmetric gauged linear sigma models 
and their Landau Ginzburg mirrors. 

The results established in this paper concerns non commutative extension of the class of Calabi-Yau 
manifolds Add embedded in toric varieties V^+i with C* r toric actions endowed by asymmetries. The 
latters are completely specified by the toric data 

{£\4-J a y aA \ 0<i<k; l<a<r; \<A<d+l}, (5.1) 

with Calabi-Yau condition X)j=o 1i = 0> * ne toric geometry relations 5Zi=o it v t — an d J2t^o~ r Pa v *aA = 
0; I = 1, r* . These eqs define the toric polygons of the variety Vd+i- Non commutative structure is 
carried either by quantum symmetries described by inner automorphisms of C* r or again by considering 
NC complex cycles within the toric group in the same manner as one does in the Connes et al approach 
of toroidal compactification of matrix model of M theory. In our present case non commutative structure 



is indeed solved in terms of asymmetries of the C* r toric actions and the toric data of the underlying 
Vd+i- This result extends partial ones on NC geometries using discrete torsion of isometries of orbifolds 
of Calabi-Yau homogeneous hypersurfaces which are recovered as particular cases. Among our main 
results, we quote the two following: 

(1) A class of complex d dimension NC Calabi-Yau manifolds M™f is naturally described in the 
language of toric geometry. They are given by subalgebras of NC toric varieties V2+1 ~ ^e +1 /^m r 
where the NC matrix parameter Oij is induced by asymmetries of the C* r toric group. In this picture 
discrete groups T may be also included by taking into account the discrete symmetries of the toric 
variety generally described by Y[ a u a a — 1- For both kinds of NC toric varieties V^l^ ~ Cg +1 /C* ) [ T and 
V%li ~ Cq +1 /C*^ t x r, where in addition to 9ij, the ®ij parameters have extra contributions coming 
from discrete torsion of T, we have 

MTCV^; M d = Z(MT)cV cl+1 = Z(V% 1 ) (5.2) 

Results obtained in this way covers as special cases those derived by following the method used in 
|15|.|17|.|24|.|18) and where no reference to the toric data are made; see also |34| . 

(2) As far Calabi-Yau manifolds embedded in toric varieties are concerned, we have shown that the 
9ij parameters of the non commutative structure have contributions involving the toric data of polygons 
and, in addition to the Calabi-Yau condition X}i=n it = 0> ^ uses as wen the relations 2j=o 1i v t ~ 
for the solving of the constraint eqs. Note in passing that in the analysis of section 3, we have 
considered the special projections of eq Yli=o lt v t = on v f an d v jA namely; J2i=o lt v t -vf = and 
Si=o it v t ' v jA ~ 0- I n general one may also use other projections by generic vectors of the Z d+1 
lattice. An other remarkable feature of the C* r toric group is that at its fixed points we have an infinite 
set of fractional D branes instead of a finite one as it the case of NC orbifolds by Z^- groups as shown in 
^3 Ej- This special feature is similar to the tachyon condensation picture of string field theory |%].[3"3"|. 

To do so, we have first studied the type II A geometry of complex d dimension Calabi-Yau manifolds 
using toric geometry methods. Then we have given the constraint eqs defining their NC geometry 
extensions by using the Berenstein et al method and second by considering embedding in NC toric 
varieties. To work out the regular solutions of the constraint eqs, we have developed two realizations 
of the NC C'* r toric group; one involving quantum symmetries generated by shift operators V a on the 
states of the C* r group representation and the other using the torsions between the generators U a of 
the toric group. Next we have given different classes of solutions depending the nature of torsions of 
the C* r toric symmetries. As singular points of the toric actions are completely characterized by the qf 
charges, we have studied also the singular representations of the constraint eqs and analyzed fractional 
D branes at singularities. Since the representations of the abelian C'* r group are completely reducible, 
we have fractional D branes at the singularities; but with the remarkable feature that now there is an 
infinite set of them. This property follows naturally from the fact that identity lid of the representation 
is decomposable into infinite sums over the ir n and tt (a) projectors namely lid = ^2 n 7r n f° r discrete 
spectrums and lid = J da n (a) for continuous ones; see also footnote 4. Actually this is a special 
feature of the non commutative structure induced by torsions of continuous C* r groups; it is related to 
the condensation phenomenon a la GMS considered few years ago in [H] and subsequent works. As a 
perspective, it would be interesting to analyze the properties of non commutative type IIB geometry 
dual to type II A NC geometry considered in this paper; then explore the features of mirror symmetry 
in the case NC Calabi-Yau manifolds. This study will be developed in the second part of this work |35j . 
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